We investigate the tunnel rates and energies of excited states of small numbers of electrons in a quantum dot fabricated in a Si/SiGe heterostructure. Tunnel rates for loading and unloading electrons are found to be strongly energy dependent, and they vary significantly between different excited states. We show that this phenomenon enables charge sensing measurements of the average electron occupation that are analogous to Coulomb diamonds. Excited-state energies can be read directly from the plot, and we develop a rate model that enables a quantitative understanding of the relative sizes of different electron tunnel rates.
I. INTRODUCTION
Many readout schemes for solid-state quantum computing architectures rely on accurate control and realtime measurement of electron tunneling. [1] [2] [3] [4] [5] In GaAs quantum dots, tunneling rates have been tuned by controlling gate voltages as well as by exploiting energydependent tunneling, 6 enabling the identification of both orbital and Zeeman excited states. [7] [8] [9] Single-shot readout using spin-to-charge conversion has been performed by using a capacitively coupled quantum point contact (QPC) as the charge sensor.
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In silicon, the effects of energy dependent tunneling are expected to be enhanced compared to GaAs, because of the carriers' larger effective mass. Time-averaged measurements of spin-dependent electron tunneling into quantum dots have been made using quantum point contacts. 13, 14 Single electron transistors have been used to measure tunnel rates 15 and to perform single-shot spin readout of electrons on individual dopants. 16 Here we investigate the tunnel rates and energies of excited states of small numbers of electrons in a quantum dot fabricated in a Si/SiGe heterostructure. We find tunnel rates for loading and unloading electrons are strongly energy dependent: states below the Fermi level load more slowly as their energy decreases, and states above the Fermi level unload more rapidly as their energy increases. Single-shot measurement of these tunnel events is achieved with good charge sensitivity. We further show that loading and unloading tunnel rates vary significantly between different excited states. This phenomenon enables charge sensing measurements to produce plots analogous to Coulomb diamonds. The use of charge sensing to create such plots enables calibration of the gate voltage-to-energy ratio α without the need for measurable transport through the quantum dot itself. Excited-state energies can be read directly from the plot, and we develop a rate model to extract quantitative relations between the tunnel rates from the experimental measurements. A simulated map of charge sensing measurements as a function of source-drain and gate voltages agrees well with the experimental data. We find significant variations in tunnel rates that may be useful in the loading and measurement of spins in quantum dots.
II. METHODS
The sample used in this work was grown by chemical vapor deposition on a Si(001) substrate with phosphorus doping of 1-10 Ω · cm, which was polished 2
• towards [010] . 17 The structure was step-graded to the composition Si 0.64 Ge 0.36 . The Ge concentration was then reduced to Si 0.68 Ge 0.32 and a 1 µm buffer layer was grown, resulting in a final strain relaxation of 95%. On top of the relaxed SiGe, we grew 18 nm of Si (the quantum well), 22 nm of undoped Si 0.68 Ge 0.32 , 1 nm of doped Si 0.68 Ge 0.32 , 45 nm of undoped Si 0.68 Ge 0.32 , and a 9 nm Si cap layer. The top gates were formed by electron beam evaporation of Pd onto the HF-etched surface of the heterostructure. 18, 19 The gates sit on a square mesa of width 35 µm that was defined by reactive ion etching. For the experiment reported here, the sample was illuminated with red light for 10 s at a temperature of 4.2 K, before cooling to a refrigerator base temperature of 20 mK. Magnetoresistance measurements obtained from the same heterostructure give a carrier density of 5.15×10
11 cm −2 and a mobility of 120, 000 cm 2 /Vs (after illumination). Data are reported in this paper with the quantum dot in both the one-electron 17, 20, 21 and many electron regimes.
III. RESULTS Fig. 1(a) shows a scanning electron micrograph of the gate structure of a device identical to the one reported here. The quantum dot in this experiment was formed by applying negative voltages to gates L, M, R, and T. A charge sensing QPC was formed by applying a negative voltage to gate Q L . [21] [22] [23] The QPC was biased at 100 µV, and the drain current was monitored with a low-noise current preamplifier. For the data shown in Figs. 1 such that tunneling occurred predominately through the left barrier, and the dot occupation could be tuned between zero and one. I QPC was high when the dot was empty and low when the dot was occupied.
As shown in Fig. 1(c) , monitoring the QPC current as a function of time enables measurement of single-electron tunneling on and off the dot. In the absence of a sourcedrain voltage V SD across the dot, the charge occupation is determined solely by the alignment of the electron chemical potential in the quantum dot, which is controlled by the voltage V M on gate M, with the Fermi level of the leads, as depicted in Fig. 1(b) . Three typical time traces of I QPC are shown in Fig. 1(c) , corresponding to the three energy configurations in panel (b). In the top trace of panel (c), the chemical potential of the dot is slightly above the Fermi level, and the dot is almost always unloaded, except for occasional thermal fluctuations. The bottom trace corresponds to the opposite situation, and the middle trace corresponds to the case where the chemical potentials of dot and lead are nearly aligned, leading to an average dot occupation of 50%. Based on a signalto-noise ratio of 32 and a preamplifier rise time of 3 ms, we estimate a charge sensitivity of 2.9 × 10 −3 e/ √ Hz for our QPC measurements.
As shown in Fig. 1(d) , data of this type enables a measurement of the Fermi-Dirac distribution for the dot occupation n(V M ) = f D (µ g ), where µ g is the chemical potential of the dot ground state. By repeating measurements like that shown in panel (d) for a series of increasing temperatures, we acquire a set of data that can be used to determine the proportionality constant α between the chemical potential and V M for the one-electron dot. 24 From a global fit we determine α = 0.129±0.004 meV/mV, where the error bar is determined by the quality of the fit. The electron temperature is estimated as 298 mK. By applying pulsed gate voltages to gate R, we can repeatably load and unload the quantum dot, enabling measurement of the loading and unloading tunnel rates as a function of the quantum dot chemical potential. A typical pulse sequence is shown in Fig. 2 (a) (solid black trace). Loading occurs during the high portion of the gate voltage cycle, while unloading occurs during the low portion, as indicated in the insets. The tunnel barriers can be controlled independently of the dot chemical potential, although cross talk is always present. Here, we tune the tunnel barriers by adjusting the voltage, primarily on gate L, so that the tunneling times are much longer than the rise time of the current preamplifier in the QPC circuit. After this initial adjustment, gate L is held fixed, while the voltage is varied on gate R.
A typical measurement trace corresponding to loading and unloading the dot is shown in red in Fig. 2(a) . Steps in the traces occur in pairs; the first step edge is precisely correlated with the voltage pulse and is the cross talk response of the QPC to the voltage pulse on gate R. The cross talk component of I QPC is sketched as a dashed black line in Fig. 2(a) . The second step edge occurs in between the voltage pulses. This signal corresponds to a tunneling event -either the loading or unloading of the dot. By recording the time interval between the voltage pulse and the charging event, we obtain a direct, singleshot measurement of the loading time.
Figure 2(b) shows a plot of the cumulative number of loading events as a function of the loading time, obtained from a pulse sequence of identical load-unload cycles with V pp = 8 mV. Loading times are extracted from I QPC (t) in a two step process: first, we check that the dot is unloaded immediately prior to the loading pulse; second, we extract the first time that I QPC returns to the level corresponding to a loaded electron. The results shown in Fig. 2 (b) take into account 584 out of 600 such current traces; 16 traces did not have current levels that could be mapped to the analysis pattern and were ignored. As expected, the counts saturate exponentially, with a rise time of τ L = 82 ± 9 ms. Figure 2 (c) shows a direct average of all 600 current traces. The decay is well fit by an exponential with time constant τ L = 94 ± 7 ms, comparable to the value obtained by event counting.
We measure the loading and unloading rates over a wide range of V pp . We use a pulse sequence with an asymmetric duty cycle, shown in black in Fig. 2 The dependence of the tunnel rate on gate voltage is consistent with a simple model of transport in a quantum dot known as energy-dependent tunneling. 6, 9, 11, 25 In this model, the tunnel rate depends exponentially on the relative height of the tunnel barrier compared to the chemical potential of the dot, with a larger chemical potential corresponding to a higher tunnel rate. This explains the trends of the tunnel rate with respect to variations in the gate voltage. It also explains why the unloading rates are much faster than the loading rates in our dot. It is important to note that cross talk between the plunger gate and the tunnel barrier would tend to have the opposite effect as energy-dependent tunneling, by raising the tunnel barrier and lowering the tunnel rate.
Up to this point, we have studied the tunnel rate between the lead and the ground state of the dot, which varies as a smooth function of the plunger gate voltage, as indicated in Fig. 2 (e). We now describe how the tunnel rates may change more abruptly, when excited states enter the bias window. These excited states may have tunneling matrix elements much larger than the ground state, which depend on the shape and the sym- VM differs in the two panels, to compensate for the difference in VR.
metry of the wavefunctions. 10, [26] [27] [28] [29] In turn, this opens up new doors for measuring the tunnel rates. Specifically, it allows us to replace gate pulsing with time-averaged current measurements. Time-averaging is normally associated with methods where the current flows directly through the quantum dot. One example is the so-called Coulomb diamond plot, where the transport current is measured as a function of source-drain bias V SD and the plunger gate voltage. 30 Such transport measurements are challenging in the few-electron regime, where charge sensing is the preferred experimental technique. 31 We show here that charge sensing techniques enable spectroscopy of silicon quantum dots, with direct correspondence to Coulomb diamond measurements. Similar measurements were previously obtained in GaAs by Schleser et al. 8 Figure 3(a) shows a Coulomb diamond plot of the current through the dot as a function of V SD and V L , for the case of many-electron occupation and large current flow through the quantum dot. Current flows only when the chemical potential of the dot µ g , which depends linearly on V L , lies between the Fermi energies of the source and drain (µ S and µ D , respectively). The black regions in Fig. 3(a) are blockaded. As µ g is lowered, it becomes level with µ S ; this condition corresponds to the edge of the diamond with positive slope (blue line in Fig. 3(b) ), and current begins to flow. When µ D ≤ µ g ≤ µ S , current flows, and the dot occupation alternates between N and N −1. The condition µ g = µ D corresponds to the edge of the diamond with negative slope (red line in Fig. 3(b) ). When µ g < µ D , the electron does not have enough energy to exit the dot. In this case, the electron occupation becomes fixed at value of N , and the current is blocked.
Because of the variation in the tunnel rate with gate voltage and the available energy levels, the same information available in a Coulomb diamond transport measurement can be derived from time-averaged charge sensing measurements. Here, we study this effect in the severalelectron regime. Figures 3(f) and (g) show plots of the transconductance g = ∂I QPC /∂V M . When monitoring the charge sensing QPC current in this way, the physical picture of Coulomb blockade is unaffected; however, instead of measuring the current through the quantum dot, which is immeasurably small in this regime, the QPC measures the average dot occupation. In the regime where dot occupation alternates between N − 1 and N , the average occupation depends on the electron dwell time, which depends on the loading and unloading tunnel rates.
The interesting case for charge sensing is when V SD = 0 and the dot chemical potential is in the bias window. In this regime, the average fractional occupation f , the fractional part of the dot occupation n , is given by f = Γ gS /(Γ gS + Γ gD ), where Γ gS is the tunnel rate from the source to the N -electron ground state, and Γ gD is the corresponding rate to the drain. At the location of the purple stars in Figs. 3(d)-(g) , if the tunnel barriers are tuned such that Γ gS Γ gD , the average fractional occupation will be f 0.5. However, it is more common that the tunnel rates are dissimilar, and when one barrier is much larger than the other, it becomes a bottleneck for transport.
For the limiting case Γ gS Γ gD , shown in Figs. 3(d) and (f), the electron tunnels into the dot very quickly when µ g ≤ µ S , but it tunnels out very slowly, so the average occupation will be ∼ N . A filling transition is therefore observed when µ g = µ S , but not when µ g = µ D . Thus, the transition occurs along the edge of the Coulomb diamond with positive slope. In the opposite limit, Γ gD Γ gS , shown in Figs. 3(e) and (g), and achieved by changing gate voltage V R , the dot empties so quickly that the average occupation is ∼ (N − 1) . In this case, the filling transition occurs when the dot chemical potential is aligned with the drain, corresponding to the edge of the Coulomb diamond with negative slope. As is clear from Figs. 3(f) and (g), the tunnel barriers are easily tuned into either regime.
Positive and negative slopes can also be observed with- out retuning the tunnel barriers, simply by expanding the bias window, as shown in Fig. 4(a) . Here, we have chosen the tuning Γ gS > Γ gD . The mapping between the filling transitions and the conventional Coulomb diamonds is sketched in Fig. 4(b) , where one of the diamonds has been shaded gray. We observe sharp corners in the transition map, which we attribute to excited states entering the bias window, similar to lines corresponding to excited states in a Coulomb diamond plot. Three such transitions are labelled A, B, and C in panel (b). Near V SD = 0, the charge transition line has a positive slope, since the D barrier forms the bottleneck, and the filling transition occurs when the dot level is aligned with the source. In this range of V SD , all excited states lie outside the bias window, and the average fractional occupation f = Γ gD /(Γ gD + Γ gS ) 0. (See Appendix for details.) When an excited state x enters the window, such as at point A in Fig. 4(b) , the occupation is given by f = (Γ gD + Γ xD )/(Γ gD + Γ gS + Γ xD ) 1. In this case, the approximate equality holds because of the strong tunnel coupling between the drain and the excited state: Γ xD Γ gS Γ gD . Thus, a switch in occupation is caused by a switch in the rate-limiting tunnel barriers. We can understand the changes in slope near points B TABLE I. Excitation energies and tunnel rates Γij, as extracted from Fig. 4 . Here, ij specifies the tunnel channel, with i corresponding to the quantum dot orbital, and j corresponding to the source S or drain D lead. The tunnel rates are obtained by fitting the transition map in Fig. 4(a) to a finite temperature rate model described in the Appendix. The excitation energies (1) (2) (3) (4) (5) are measured relative to the ground state (g). This procedure provides tunnel rates that are normalized to the gS tunnel channel. The tunnel rates are then calibrated with respect to the gD tunnel channel, as described in the text. We can analyze the experimental data of Fig. 4 (a) using a finite temperature rate model, as described in detail in Appendix A. In brief, the rate equations are obtained by first expressing the currents for individual transport channels. For example, the tunnel current from the source to the ground state of the dot is given by I gS = −eΓ gS f S (µ g )(1 − f ), where f S (µ g ) is the Fermi function for the source reservoir, evaluated at the chemical potential of the dot ground state. By enforcing current conservation and assuming an infinite decay rate for excited states, we obtain an equation for f as a function of tunnel rates, excited-state energies, and temperature. It is important to note that, although an electron from the drain can tunnel into an N -electron excited state, it cannot tunnel out through the same channel. Instead, the electron decays very quickly and tunnels out through the ground state. 32 The decay process causes an intrinsic asymmetry, one which favors loading rather than unloading.
The quantity ∂f /∂V M corresponds directly to the transconductance of Fig. 4(a) . We fit this result to the experimental data, obtaining the parameters shown in the next-to-last column of Table I , as well as the theoretical reconstruction of the transition map shown in Fig. 4(c) . In the fitting procedure, no correlations were assumed between the excited states in the different transport channels. We estimate an uncertainty of about 60 µeV for the excited-state energies, and an uncertainty of about 20% for these relative tunnel rates.
Since transport currents are immeasurably small in this experimental configuration, we are not able to determine the tunnel rates directly. In the next-to-last column of Table I , the tunnel rates are normalized relative to the gS tunnel channel, as described in the Appendix. Here, the tunnel rates for the N ↔ (N − 1) and N ↔ (N + 1) processes are normalized independently, since they involve different gate voltages, and should not be exactly equal.
We were able to obtain an approximate calibration for the tunnel rates, however, by retuning the quantum dot to allow pulsing experiments. Shortly after the data in Fig. 4 was obtained, the right tunnel barrier (R) was pinched off, allowing electrons to tunnel through just the left (D) barrier. The tunnel barrier gate voltage V L was left essentially unchanged. Tunnel rates corresponding to the gD process were then acquired on two successive days, with variations on the order of 25%. In this way we obtain the estimates Γ gD = 5. for the N ↔ (N − 1) loading and unloading processes, respectively. The difference between loading and unloading rates is comparable to those described above, and it is also consistent with predictions of energy dependent tunneling. In the final column of Table I , we use the mean tunnel rate estimate 7.0 × 10 5 s −1 to calibrate the relative rates listed in the next-to-last column. The same calibration provides a rough estimate for the N ↔ (N +1) tunneling process, and we provide the corresponding results in Table I. The lever arm α, which converts gate voltage to dot energy, is usually extracted from a Coulomb diamond plot. Here, we can extract α = 0.095 ± 0.004 meV/mV from Fig. 4(a) , even though transport through the quantum dot itself is immeasurably slow. The uncertainty in α is determined by the resolution of the data plot in both V SD and V M . This value of α is different than that quoted above when the quantum dot was occupied by a single electron, because the dot has been retuned and now is occupied by several electrons.
IV. SUMMARY
In summary, tunnel rates in and out of a few-electron Si quantum dot were measured by single-shot charge sensing. The rates were shown to depend strongly on gate voltage, in a manner opposite to that expected from cross talk, and consistent with energy-dependent tunneling. We also have shown that a map of the time averaged dot occupation, obtained by charge sensing, provides direct spectroscopic information about the quantum dot. Further, energy calibration -the determination of α -does not require retuning of the tunnel barriers, because both the positive and negative slopes, which are usually extracted from Coulomb diamonds, are visible in a plot like that shown in Fig. 4(a) . The sharp corners observed in the transition map are attributed to excited states entering the bias window and their effect on the tunneling bottleneck. Sudden switching of the bottleneck is expected, because the tunneling matrix elements for excited states can be large, and because there is a built-in asymmetry in the tunneling process, due to the fast decay of excited states. DOE (Grant No. DE-FG02-03ER46028). The US government requires publication of the following disclaimer: the views and conclusions contained in this document are those of the authors and should not be interpreted as representing the official policies, either expressly or implied, of the US Government. This research utilized NSF-supported shared facilities at the University of Wisconsin-Madison. Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy's National Nuclear Security Administration under contract DE-AC04-94AL85000. In this Appendix we present a more detailed explanation of the Coulomb diamond-like behavior observed in the transconductance data of Fig. 4(a) . As explained in the main text, the presence of switches in the transition map indicates that the source (S) and drain (D) tunnel barriers are asymmetric. A change of slope occurs whenever the slow barrier (the bottleneck) switches from S to D, or visa versa, due to excited states entering the bias window. 8 Here, we will derive a simple theoretical description of the switching observed in this transition map. (2) There must be an excited state (not necessarily the lowest excited state) for which the tunnel rate to D is faster than the ground state tunnel rate to S; in other words, Γ xD Γ gS . The fact that the decay rate Γ xg between the excited and ground states of the quantum dot is much faster than any of the tunnel rates also facilitates switching. Additional changes of slope may occur when new excited states enter the bias window. Note that energy-dependent tunneling is not a leading order effect in the switching behavior observed in Fig. 4 (a) and it will not be explicitly considered here.
We will consider each of the different, sequential transition processes shown in Fig. 5(b) . Although the case µ S > µ D is presented here, analogous processes are also present when µ S < µ D . We will adopt the notation x to refer processes between the (N −1)-electron ground state and an N -electron excited state, as sketched in Fig. 5(a) . Only one such transition is shown in the figure, although there may be many, in practice. The notation y refers to processes between the N -electron ground state and an (N − 1)-electron excited state. The transition between ground states, g, can play a role in both loading and unloading of the quantum dot. However, x or y-type processes are essentially uni-directional, as indicated in panel (b), due to the fact that Γ xg is very large. Thus, when an x-type process occurs, the loaded state immediately decays to the N -electron ground state, before the dot has a chance to unload. Similarly, a y-type process may unload the dot into an (N −1)-electron excited state, which then decays to the ground state before loading can occur. Transitions between N and (N − 1)-electron excited states are not forbidden. However, they are strongly suppressed by the same fast decay process.
We now derive an equation for the steady-state fractional filling of the quantum dot, f . For simplicity, we will assume that the filling transitions observed in Fig. 4(a) are thermally broadened, although lifetime broadening may also play a role. 33 The elastic loading of the quantum dot ground state from the source is then described by the tunneling current I Sg , given by
Here, Γ Sg is the tunnel rate from the source to the Nelectron ground state, and f S (µ g ) is the Fermi function for the source, evaluated at the chemical potential for process g. The reverse process is written as
From here on, we will assume that Γ Sg = Γ gS . We can write down the currents for all such processes, keeping in mind that a process like S → x is allowed, while the reverse is not, due to the fast relaxation of the excited states. We can obtain a steady-state solution by summing up the currents through the S and D barriers and equating the results. Solving for f , we obtain
Here, we have included all possible excited states, although some of the processes may be invisible, due to weak coupling to the leads.
As an example, we consider the different cases shown in Fig. 6 . We have focused on the bias µ S > µ D ; however, analogous results are obtained for the opposite bias. We will consider Γ gD Γ gS , so that the drain barrier forms the bottleneck. To simplify the discussion, we will set T = 0, although the final fitting, shown in Fig. 4(c) , includes temperature as a fitting parameter.
In Figs. 6(a) and (b), we assume that µ S is just slightly larger than µ D . In particular, (µ S − µ D ) < (µ g − µ y ), so the g and y processes may not be in the bias window simultaneously. At T = 0, the arrangement shown in Fig. 6(a) involves no loading processes, as consistent with Fig. 5(b) and the discussion in the main text. The Fermi functions take the values 0 or 1, and Eq. (A3) reduces to f = 0, indicating an empty dot. On the other hand, for the arrangement shown in Fig. 6(b) , the g process can load and unload. In this case, Eq. (A3) reduces to
In this regime, the dot is filled because of the bottleneck at the drain barrier. Thus, the filling transition occurs when µ g = µ S . In Fig. 6(c) , the bias is increased such that (µ S −µ D ) > (µ g − µ y ). As before, when µ g > µ S , Eq. (A3) reduces to f = 0. When µ g < µ S , the quantum dot can load through channel g, but it can unload through channels g or y, as consistent with Fig. 5(b) . Now Eq. (A3) reduces to
where the final equality holds when the tunnel rate for the process y → D is large; that is, when Γ yD Γ gS . 
The final equality holds if we assume that Γ xS Γ yD . Thus, the filling transition occurs when the x process aligns with the source, again causing a change of slope in the transition map. In this case, the change of slope occurs precisely when (µ S −µ D ) = (µ x −µ y ), corresponding to the point where the bias is equal to the sum of excitation energies for the (N − 1) and N -electron dots.
The transition map therefore gives a direct method for performing spectroscopy in a quantum dot, since the changes of slope correspond to excited state transitions entering the bias window. The corresponding energies can be read off directly from the V SD axis in Fig. 4 . However, the excited states can only be observed if they couple strongly to the lead.
It is not surprising that consecutive transitions should have larger tunnel rates, since excited states tend to be more spatially extended. However, it is also possible for excited states to be poorly coupled to the leads. Such states will not cause switching, and will be rendered invisible in the transition map. Similarly, a given level may couple differently to the source and drain reservoirs. For one reservoir, it may form an important tunnel channel, while for the other, it may form a bottleneck. The fitting result shown in Fig. 4(c) was obtained by simultaneously fitting the tunneling and energy parameters, appearing in the derivative ∂f /∂V M of Eq. (A3), to the transconductance data of panel (a). We have included a "noise floor," below which all the data were assumed to be indistinguishable from zero, as was done in the experimental plot. We also assumed a saturation value for ∂f /∂V M , corresponding to the color yellow. Finally, we included temperature as a fitting parameter. Table I shows the results of our fitting analysis for one of the Coulomb diamonds, corresponding to the shaded diamond in Fig. 4(b) . We also obtain the temperature estimate of T 0.6 K. This result does not match the estimate obtained from Fig. 1(d) , due to differences between conventional and pulsing transport techniques, and the errors introduced by the low and high transconductance cut-offs used in our fitting.
Note that the bright spots in the transition lines with negative slope, at the top right of the transition map in Fig. 4(c) , are real. They occur along extensions of lines associated with excited states from lower diamonds, as shown in panel (b). The corresponding bright spots are offset in panel (a), due to a charging event which shifted the transition line slightly to the right.
